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Q1. For the following signal x(t) = repr, {A AG)}, determine the

complex exponential Fourier series, the trigonometric Fourier series and
the compact Fourier series.

x(t)
—3T() —2T() —To -1 0 = () 2To 3T0
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Q1. Solution. The complex exponential Fourier series coefficients

1 t0+To T0/2 .
a, = — x(t)e /m@otdt = —J x(t)e In@ott, n=0,+1,+2, ...
To Je, To/2
1 - To/z
o, = — (O)dt + —f )(e J"wot)dt + —j (0)dt
To J_1,/2
_1 0 A P I
— (A + —t) (e~/nwot)dt r A — —t) (e=/nwot)dt
A (% . A (° .
a, =— | e /mwoldt + —f t)(e /mwot)dt
", ) 7T, _T( ) )
A to —-A [(° .
_ e Inwotdt 4+ _f (e In@ot) gt
Copyright © Prof. Mohammed Hawa Electrical Engineering Department, The University of Jordan #3

A (° A (O A" —A(*
- j (0)dt + - j ()t + 7 f (e0)de + - jo (£)(e%)dt
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A, A (° .
a, = T_Of_l_(e_]nw()t)dt + mf_r(t)(e_]nwot)dt

A [t . —A (* .
— —Jjnwot - —jnwot
+ TOJ;, (e 0 )dt +TT0j0 (t)(e 0 )dt

Ar 1 N A 1 . 0
—_ —Jnwgot + X 3 t—1 —Jnwgt
To L=jnwg ) I, Ty (nwe)? [ Je ]_T
A1 1 . 1T —A 1 . -
+ _ —]n(l)ot + x 9 t _ 1 —]n(l)ot
Ty l=jnwy ¢ Iy tTy  (jnwy)? [(=me e ]O

Note: Integration by parts [u dv = uv — [ v du

j (t)(e®)dt = e (ata; 1)
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AT 1 10 A 1 o]0
_4a - t s _ —jnwot
an = [ , e Jnwo ] + X — > [(—jnwet — Ve of]
—_ -7
To L=jnwo . Ty (jnwy)
+ il . e‘f"“’otr + 4 X & [(—jnwyt — 1)e‘j"w°t]T
To L=jnwy o TTo (nwy)? 0
A . A 1 :
a, =———|1 — /@7 + X — —1 — (jnwyt — 1)e/"®0?
n _]n(l)oTO [ ] T TO (]na)o)z [ (] 0 ]
A B —A 1 , p
+———[e /@t — 1] + X — > [(—jnwet — e~ Im@o + 1]
—jnwoTy Ty  (jnwy)

0 = A [1—1] +L[e—jnwor _ ejnwo‘r]
" —jnweT, —jnwoTy

2 [~1 = 14 (1 = jrayD)e 0 + (1 + jnwyr)e moor]

T To(jnw,
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0 = A [1 . 1] +L[e—jnwor _ ejnwo‘r]
" —jnwyT, —jnwyTy

A _ : , iy
+ - T w2 [-1 -1+ (1 — jnwr)e/™®o" + (1 + jnwyT)e /n@o?]
a. = A [e]nwor _ e—jnwor]
" jnweT,

A . .
Ap = = |Jnwee’ " — jnwye /w0t
n (]na)o)ZTO [] 0 ] 0 ]
t [—1— 1+ /"7 — jnw,Te/M@oT + e IMWOT 4 jne Te MW7
T To(jnw,)
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A, = ——— 4 > [inwee/™?0t — jnwye In@oT]
(jnwo)?Ty

T 7 Ty(jnwy)? [—1— 1+ /"7 — jnw,Te/M@0T + ¢ IMWOT 4 jne Te MW7
T iy 0

A . .
an = —1 — 1 + e/n@T 4 g=JnwoT
" T Ty(jnwg)? [ ]
A e~ /n®@oT . . .
— : - [_e]nwor — eJnwoT e]anOT + 1]
T To(jnwg)
—jnwgot
_Ace . [e/m@ot — 1]2
T To(jnwg)?

Because (a — 1)’ =(a—1)(a—1)=a?*—-2a+1
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A e—jnwo‘r [
B T TO(jnwo)Z
A e—jnwor

a, ejnwo‘r _ 1]2

a, = [ejnwor/z (ejna)o‘c/z _ e—jnooo‘r/z)]2
T TO (]n(l)o)z
—JjnwoyT , jNnwgT
— Ae e [ejnwor/z _ e—jnwor/z]z
= - >
7 To(jnwg)
A nwoT\12
= , 5 [2 J sin ( )]
T To(jnwy) 2
5 [ nweT\1?
At |SIN\TT— At NnwoT
ay = 4 = — sinc? (—) n#0
"oTTy | T T, 2w /'
2T
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So,
At MwT At~ (nt
a, = —Ssinc ( )=—smc —, n=20,+1,+2,..
T, o /T, T,

Notice that a, = ? sinc?(0) = ?. For this signal, the values of a,, are
0 0

real and always positive, and hence, the phase of a,, is 0°.

At mw,T At mw,T
|a,,| = |—sinc ( ) = —sinc ( )
TO 2T TO 2T
La, =0°
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Since x(t) is real-valued signal, we have

a_, = o, , n=20,1273,..

At mw,T At mw,T
|a_,,| = |=sinc ( ) = —sinc ( )
TO 2T TO 2T
La_, =0°
The average value or DC value is
At At
ay = —sinc?(0) = —
To To
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The trigonometric Fourier series is
[00)
ag _ 2T
x(t) = > + ) [a, cos(nwyt) + b, sin(nwyt)] , wy = N
n=1 0
where the coefficients are calculated as
a, = — x(t) cos(nwyt) dt n=0,12,3,..
0
to+To
b, = o x(t) sin(nwyt)dt , n=0,1,23,..
0Jt,

Since x(t) is even, then b, = 0,Vn, and a,, =

Copyright © Prof. Mohammed Hawa Electrical Engineering Department, The University of Jordan

=2 ft°+T°/2 x(t) cos(nwyt) dt
TO t()

#12




A, = — —Jj— = —sinc ( )—]0, n=20,123,..
2 2 TO 2T
a, =2Re{a,}, n=0,1,23,..
b, = -2 Im{a,}, n=0,1,2,3,..
Hence,
2AT
a _— ——
0 TO
24T |, Mw,T
= 22 it (M)
TO 21T
b, =0
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The compact Fourier series is

2T

c c
x(t) = ?0 + E ¢, cos(nwot — 6,) = 70 + E cp cos(nwot + ¢,,), Wy = 7=
0
n=1 n=1

2AT nwyT

n =V + b} =af + 07 = Jay] = | =sine? (=)

b 0
0, = tan™! (—n) = tan~? (—) =0°
a’TL a’Tl
Cn = 2|ay|
_, [~ Im{a,}
«9n = —Za, = tan 1 Wan; , On = Lay
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Q2. For the following signal x(t) = reps {3 A (%)}, determine the
complex exponential Fourier series, the trigonometric Fourier series and
the compact Fourier series.
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Q2. Solution. Please do the integrals again, or just substitute to get

At nwety At nt 3% 25 nx25 3 n
a, = —sinc? ( 0 ) = —sinc? (—) = ————sinc? (—) = —sinc? (—)

T, 2t /T, T, 5 5 2 2

_ 2AT . (TL(UOT) — 3 sinc? (n)

an = T sinc”(——) = 3sinc” (5
b, =0
is an = >sinc2 (2) =32 =
The average value is a = - sinc (2) =2 =15.
cn = 2|ay|
_Im{an}
0,=—za, =tan ! ———
n @, = tan < Rel{a,) >
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ay = gsinc2 (g) =; lag| = 1.5 Zag =0
a; = %sincz G) = ;ST;—’ZT)/ZZ) = % la;| = 0.6079 za; =0
as = gsincz G) = %Sl?;gz)/zz ) _ 372T2 las| = 0.0675 zaz =0
as = %sincz (g) = %SI?SZSZ)/ZZ ) _ - 56n2 las| = 0.0243  zag =0
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Q3. For the following signal x(t) = rep, {2 A (%)}, determine the

complex exponential Fourier series, the trigonometric Fourier series and
the compact Fourier series.

x(t)
A=2

-12 -8 —4 0 To=4 8 12
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Q3. Solution. Notice that x(t) is an even signal. Hence,

4 to+Ty/2 4 To/2 24
a, = — x(t) cos(nwyt) dt = — (— t) cos(nwyt) dt
To J;, To )y \Tp
4 (To/2 (2,4 4 24 (T2 4 24[e2]"?
Ay = — —t)cos(O)dtz—x— tdt=—><——]
7T, ), T, To  To Jy To™ To|2],
4  24[(T,/2)?> 072
4 ro/>__=A
T, T, 2 2
Hence, the average value (DC value) is
a, A
“©=7 "7
Copyright © Prof. Mohammed Hawa Electrical Engineering Department, The University of Jordan #19
4 (To/2 (ZA 24 (To/2
a, = — —t) cos(nwyt) dt = — X — t cos(nwyt) dt
" Toly \To ° To " ToJo °
Note: Integration by parts [u dv = uv — [ v du
1 t
f t cos(at) dt = —; cos(at) + —sin(at)
a a
4X2A[ 1 (neou) + t in( t)To/Z
a, = — cos(nw ——ssin(nw
T Ty Ty L(nw,)? ° nwg ° 0
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4 247 1 (neont) + t (neoc) To/2
= — X _
an T % T [tawg)? cos(nw, o, sin(nw, 0

4 241 1 (nwOTO) N Ty/2 (nwOTO) ]
=—X CoS Sin -
2 2
T, Ty L(nwgy) 2 nw 2 (nwgy)
4 241 1 To/2 1
=—X > cos(nm) + sin(nm) — >
To Ty L(nwy) nwg (nwy)
4 24 1
=—X—X [cos(nm) — 1]
2
To To (nwo)
Y leos(nm) ~ 1], n# 0
a, = cos\nm) — n +
" (nn)? '
b, =0, Vn
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Hence,
2A
a, = >[cos(nm) —1] =0, Vn=even
(nm)
24 —4A
a, = >[cos(nm) — 1] = — , vn = odd
(nm) (nm)
b, =0, Vn
Also,
a, A
Qo =—==
2 2
an =%—jb—n= 4 > [cos(nm) — 1] — jO
2 2 (nm)
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Alternatively, we can use Fourier transform (and Fourier series)
properties to quickly come up with the second equation,

At nw,T . ATy /2 nwoly/2 .
ap = T—Osinc2 ( 27: )e‘f”woto = TLO/sinc2 <;—7TO/> e~ InwoTo/2
A n .
= Esinc2 (E) e” /", n=*0

The compact Fourier series is

—Im{a b 0
0, = —2a, = tan"! <J> = tan~! (—n) = tan~! (—) =N =T
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Q4. For the following signal x(t) = rep,{6 A(t — 0.5)} — 3, determine the
complex exponential Fourier series, the trigonometric Fourier series and
the compact Fourier series.

x(t)

AA AN NN
\VAAVRVRVIAVERVARVS
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Q4. Solution.

( 0, n even
84
8A  mm —, Nn= 1,5,9,13, ...
b = (nm)? - (7) = ()
—84
5 n=371L15,.
(nm)
Copyright © Prof. Mohammed Hawa Electrical Engineering Department, The University of Jordan #25
Ao
Ao = — = 0
2

a, .bn 4A nm
an—7—]2—0 ](n)zsm( ), n+0

Alternatively, from Fourier transform (and Fourier series) properties,

24Ty /2 (na)OTO/Z

———sinc? (———
21

a, = At sinc? (na)or) e ~Jnwoto =
T, 21 T,

= A sinc? (g) e_jnZ_n, n+0

) e—jnw0T0/4

c 0, n even - 0, n even
|an|=?”= 4A nodd L% =—fh=—= -n/2, n=1,50913,..
(nm)?’ n/2, n=23,7,11,15,..
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Q5. For the following signal x(t) = repr {4 6(¢)}, determine the complex
exponential Fourier series, the trigonometric Fourier series and the
compact Fourier series.

x(t)
A=2
-12 -8 —4 0 To=4 8 12
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Q1. Solution. The complex exponential Fourier series coefficients

1 (totTo _ 1 (To/2 _
an=m | x@enootdt = ] x(Oe~inwotdt,  n=0,41,42, ..
0 Jtq 0/-To/2
tn=g [ as@ementdr =1 [ (e mentar
To —To/2 Ty —To/2

An important property of the impulse function (called the sampling
property) is

j ()8t - to)dt = x(t,) f " - to)dt = x(t,)
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To/2

a, = — 8(t)e Inwotdt = ie‘j”“’Oxo = i, n=0,+1+2,..
To J_1,/2 Ty Ty
A A
ol =7 =T,
La, =0°

Since x(t) is real-valued signal, we have
a_, =, , n=20,1,2,3,..

A

To

A

a_ = = —

La_, =0°
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#29
The trigonometric Fourier series is
L
(Xn_7— 7_T—0—]O, Tl=0,1,2,3,
Hence,
24
Ao =
To
24
a, = ——
b, =0
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